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Section 1 



1. Introduction. 

In a recent paper [BaMe], Bauke and Mertens have formulated an interesting conjecture 
regarding the behaviour of local energy level statistics in disordered systems. Roughly speak- 
ing, their conjecture can be formulated as follows. Consider a random Hamiltonian, Hn(<t), 
i.e., a real-valued random function on some product space, S An , where S is a finite space, 
typically {—1,1}, of the form 

Hn(<t)= ^(*)> 

AcAjv 

where are finite subsets of Z d of cardinality, say, N. The sum runs over subsets, A, of 
An and &a are random local functions, typically of the form 

$a{v) = J A [J °* (1-2) 

xeA 

where J^, i C Z^, is a family of (typically independent) random variables, defined on some 
probability space, (Q,J-,¥), whose distribution is not too singular. In such a situation, for 
typical a, H^{a) ~ y/N, while sup CT Hn{o~) ~ N . Bauke and Mertens then ask the following 
question: Given a fixed number, E, what is the statistics of the values N~ 1 / 2 H^{a) that are 
closest to this number, and how are configurations, a, for which these good approximants of E 
are realised, distributed on S^ N 1 Their conjectured answer, which at first glance seems rather 
surprising, is quite simple: find 5n,e such that P(|A^ _1 / 2 //at((t)—-E| < 6<5tv,_b) ~ \S\~ N b; then, 
the collection of points, S^ 1 1 e \N~ 1 ^ 2 Hn(o')—E\ , over all a G S An , converges to a Poisson point 
process on R + . Furthermore, for any finite k, the fc-tuple of configurations, a 1 , a 2 , . . . , a k , 
where the fe-best approximations are realised, is such that all of its elements have maximal 
Hamming distance between each other. In other words, the asymptotic behavior of these 
best approximants of E is the same, as if the random variables Hn(g) were all independent 
Gaussian random variables with variance N, i.e., as if we were dealing with the random 
energy model (REM) [Deri]. Bauke and Mertens call this "universal REM like behaviour". 

A comparable result had previously been conjectured by Mertens [Merl] in the particular 
case of the number partitioning problem. In that case, the function Hn is simply given by 

N 

H N (a) = Y,X l a l , (1.3) 

i=l 

with Xi i.i.d. random variables uniformly distributed on [0,1], <jj G { — 1,1}, and one is 
interested in the distribution of energies near the value zero (which corresponds to an optimal 
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partitioning of the N random variables, Xj, into two groups such that their sum in each group 
is as similar as possible). This conjecture was later proven by Borgs, Chayes, and Pittel 
[BCP, BCMP]. It should be noted that in this problem, one needs, of course, take care of the 
obvious symmetry of the Hamiltonian under the transformation a — > —a. An extension of 
these results in the spirit of the REM conjecture was proven recently in [BCMN], i.e., when 
the value zero is replaced by an arbitrary value, E. 

In [BK2] we generalised this result to the case of the ^-partitioning problem, where the 
random function to be considered is actually vector-valued (consisting of the vector of dif- 
ferences between the sums of the random variables in each of the k subsets of the partition). 
To be precise, we considered the special case where the subsets of the partition are required 
to have the same cardinality, N/k (restricted /c-partitioning problem). The general approach 
to the proof we developed in that paper sets the path towards the proof of the conjecture by 
Bauke and Mertens that we will present here. 

The universality conjecture suggests that correlations are irrelevant for the properties of 
the local energy statistics of disordered systems for energies near "typical energies". On 
the other hand, we know that correlations must play a role for the extremal energies near 
the maximum of H^{a). Thus, there are two questions beyond the original conjecture that 
naturally pose themselves: (i) assume we consider instead of fixed E, iV-dependent energy 
levels, say, En = N a C. How fast can we allow En to grow for the REM-like behaviour to 
hold? and (ii) what type of behaviour can we expect once En grows faster than this value? 
We will see that the answer to the first question depends on the properties of Hn, and we 
will give an answer in models with Gaussian couplings. The answer to question (ii) requires a 
detailed understanding of Hn{<t) as a random process, and we will be able to give a complete 
answer on only in the case of the GREM, when Hn is a hierarchically correlated Gaussian 
process. This will be discussed in a separate paper [BK05]. 

Our paper will be organized as follows. In Chapter 2, we prove an abstract theorem, that 
implies the REM-like-conjecture under three hypothesis. This will give us some heuristic 
understanding why and when such a conjecture should be true. In Chapter 3 we then show 
that the hypothesis of the theorem are fulfilled in two classes of examples: p-spin Sherrington- 
Kirkpatrick like models and short range Ising models on the lattice. In both cases we establish 
conditions on how fast En can be allowed to grow, in the case when the couplings are 
Gaussian. 

Acknowledgements: We would like to thank Stephan Mertens for interesting discussions. 
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Section 2 



2. Abstract theorems. 

In this section we will formulate a general result that implies the REM property under 
some concise conditions, that can be verified in concrete examples. This will also allow us 
to present the broad outline of the structure of the proof without having to bother with 
technical details. Note that our approach is rather different from that of [BCMN] that 
involves computations of moments. 

Our approach to the proof of the Mertens conjecture is based on the following theorem, 
which provides a criterion for Poisson convergence in a rather general setting. 

Theorem 2.1: Let Vi t M > 0, i £ N, be a family of non-negative random variables 
satisfying the following assumptions: for any I G N and all sets of constants bj > 0, j = 
1 I 

t 

lim £ P(V^ =1 ^, M <6 J )-n^ 

M T oo * — rf 

(ii,...,i £ )C{l,...,M} j=l 

where the sum is taken over all possible sequences of different indices (ii, . . . Then the 
point process 

M 

r M = Y J 6 v t , M , (2.2) 

i=l 

on R + , converges weakly in distribution, as M ] oo, to the standard Poisson point process, 
V on M + (i.e., the Poisson point process whose intensity measure is the Lebesgue measure). 

Remark: Theorem 2.1 was proven (in a more general form, involving vector valued random 
variables) in [BK2]. It is very similar in its spirit to an analogous theorem for the case of 
exchangeable variables proven in [BM] in an application to the Hopfield model. The rather 
simple proof in the scalar setting can be found in Chapter 13 of [B]. 

Naturally, we want to apply this theorem with V^m given by \N~ 1 / 2 Hn(o-) — En\, properly 
normalised. 

We will now introduce a setting in which the assumptions of Theorem 2.1 are verified. 
Consider a product space S N where S is a finite set. We define on S N a real-valued random 
process, Yjv(ct). Assume for simplicity that 

EY N (a)=0, E(Y N (a)) 2 = 1. (2.3) 

Define on S N 

b N {a, a') = cov{Y N {a), Y N (a')). (2.4) 
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Let us also introduce the Gaussian process, Zn, on S N , that has the same mean and the 
same covariance matrix as Yjv(cr). 

Let G be the group of automorphisms on Sn, such that, for g G G, Y N (ga) = Y N (a), and 
let F be the larger group, such that, for g G F, \Y]s[(ga)\ = |Yat(ct)|. Let 

E N = cN a , c, a G M, < a < 1/2, (2.5) 

be a sequence of real numbers, that is either a constant, c G M, if a = 0, or converges to plus 
or minus infinity, if a > 0. We will define sets Sat as follows: If c / 0, we denote by Sat be 
the set of residual classes of S N modulo G; if c = 0, we let E^ be the set of residual classes 
modulo F. We will assume throughout that |Ejv| > n N , for some k > 1. Define the sequence 
of numbers 

Sn = \l\ e E -^ N \-\ (2.6) 



Note that <5/v is exponentially small in N f oo, since a < 1/2. This sequence is chosen such 
that, for any b > 0, 

lim \E N \F(\Z N (a) - E N \ < bS N ) = b. (2.7) 

For t G N, and any collection, cr 1 , . . . , a e G E®/, we denote by B^icr 1 , . . . , cx £ ) the covariance 
matrix of Yjv (c) with elements 

^■(a 1 ,.. V) = 6^(^,(7^. (2.8) 

Assumptions A. 

(i) Let 1Z V N e denote the set 

^^{(^....^gS^iVk,^ \b N (* i ,ai)\<N-r>}. (2.9) 

T/ien i/iere exists a continuous decreasing function, p(n) > 0, on ]rj ,fj [ (for some fj > 
7] > 0), and /i > 0, such that 

> (l - exp (-^JV'*"))) IEjvI'. (2.10) 

Cm; Let£> 2, r = 1,...,^- 1. Lei 

4r, r = {(a 1 ,.. V) G S®/ : ^(a*)] + \Y N (a>)\, 

MB N (o- 1 ,...,a e ))=r} 



(2.11) 
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Then there exists d r j > 0, such that, for all N large enough, 

14^1 < \Z N \ r e~ d ^ N . (2.12) 

(Hi) For any £ > 1, any r = 1,2, . . . ,£, and any bi, . . . , bg > 0, there exist constants, p r ^ > 
and Q < oo, such that, for any a 1 , . . . ,a £ G £® for which iank(Bisr(a 1 , . . . , a e )) = r, 

P(Vf =1 : |Yiv(a J ) - ^| < 8 N h) < Q5 7 N N Pr - e . (2.13) 



Theorem 2.2: Assume the Assumptions A hold. Assume that a £ [0, l/2[ is such that, 
for some rji < r/ 2 £]i]o,fjo[, we have: 

a < n 2 /2, (2.14) 



a<r j /2 + p( V )/2,Vrie]r ll ,V2[, (2.15) 

and 

a < p(vi)/2. (2.16) 
Furthermore, assume that, for any £ > 1, any b\, . . . ,bg > 0, and (a 1 , . . . , a e ) G TZ 1 ^ e , 

P (Vf =1 : \Y N {a l ) - E N \ < 5 N h) = P (Vf =1 : |^(<r l ) - ^| < <5^) + o(\Z N \- 1 ). (2.17) 

Then, the point process, 



converges weakly to the standard Poisson point process V on R + . 
Moreover, for any e > and any 6 £ R+, 

P (V No 3 N > No : 3a,o>-.\b N {o,*')\>e ■ \Y N (a) - E N \ < \Y N {a') - E N \ < 5 N b) = 0. (2.19) 

Remark: Before giving the proof of the theorem, let us comment on the various assumptions. 

(i) Assumption A (i) holds with some n in any reasonable model, but the function p{rj) is 
model dependent. 
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(ii) Assumptions A (ii) and (iii) is also apparently valid in most cases, but can be tricky 
sometimes. An example where (ii) proved difficult is the fc-partitioning problem, with 
k > 2. 

(iii) Condition (2.19) is essentially a local central limit theorem. In the case a = it holds, if the 
Hamiltonian is a sum over independent random interactions, under mild decay assumptions 
on the characteristic function of the distributions of the interactions. Note that some such 
assumptions are obviously necessary, since if the random interactions take on only finitely 
many values, then also the Hamiltonian will take values on a lattice, whose spacings are not 
exponentially small, as would be necessary for the theorem to hold. Otherwise, if a > 0, 
this will require further assumptions on the interactions. We will leave this problem open 
in the present paper. It is of course trivially verified, if the interactions are Gaussian. 

Proof: We just have to verify the hypothesis of Theorem 2.1, for V^m given by 5^ 1 |Y/v(o") — 
En\, i.e., we must show that 

P(Vf=i : \Y N (a i )-E N \ <h5 N ) ^b 1 ---b l . (2.20) 

(a\...,a*)e-£%> 

We split this sum into the sums over the set TZ 7 ^ e and its complement. First, by the assump- 
tion (2.17) 

£ P(Vf =1 : \Y N (a*)-E N \ < b t 5 N ) 

(a\...,^)eTZl\ 



P (Vf=i : \Z N (a l ) -E N \< Mat) + o(l). 



(2.21) 



But, with C(E N ) = {x = (xi, . . . ,x e ) eR e : V e i+1 \E N - Xi\ < 5 N bi}, 

r -{z,B-\a\...y)z)/2 

*M-:|W)-*W<M„)- J |2 „, /Vde|(B ,(„ (2-22) 

C(E N ) 

where B^(a 1 , . . . , a e ) is the covariance matrix defined in (2.8). Since 8n is exponentially 
small in N, we see that, uniformly for (a 1 ,. . . , a e ) G K^, the integral (2.22) equals 

{26 N /V2^) e (h ■ ■ ■ be ) e -(E N ,B-\a\...y)E N )/2^ + o(1))) (2 _ 23) 

where we denote by En the vector (En, . . . , En)- 

We treat separately the sum (2.21) taken over the smaller set, IZ 1 ^ e C TZ 1 ^ e , and the one 
over ^\^. 
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Since, by (2.14), r] 2 is chosen such that E 2 N N~^ -»• 0, by (2.17), (2.22), and (2.23), each 
term in the sum over TZ 7 ^ e equals 

(2S N /V2^) e (b 1 ■ ■ • 6,) e -^ll E -ll 2 ( 1 +o( JV -" 2 ))(l + (1)) = (b 1 ... b e )\X N \- e (l + o(l)), (2.24) 

uniformly for (a 1 , ... ,a e ) € IZ 7 ^ ; . Hence by Assumption A (i) 

P (Vf =1 : \Z N (a l ) - E N \ < b t 5 N ) = ^^^{^ ■ ■ ■ b e )(l + o(l)) 
(^,...,^)e^ (2.25) 

Now let us consider the remaining set 72.^ e\^N (. ^ ^ s non-empty, i.e., if strictly r/i < 772), 
and let us find r\\ = 77 < r/ 1 < • • • < rf 1 = iy 2 , such that 

a<if/2 + p{j] i+1 )/2 Vi = 0, 1, . . . , n - 1, (2.26) 

which is possible due to the assumption (2.15). Then let us split the sum over TZ 7 ^ t \ IZ 7 ^ e 
into n sums, each over lZ^ t \ 7^+/, i = 0, 1, . . . , n - 1. By (2.17), (2.22), and (2.23), we 
have, uniformly for (a 1 , . . . , a e ) G 1Z V N e , 



(Vf =1 : IZjv^) - ^| < Mjv) = (2<WV^)% • • • 6,) e -^ll E -ll 2 ( 1 +°( Ar ^ I ))(l + (1)) 

(2.27) 



<C\T, N \-"e N2 ^ 



for some constant C < 00. Thus by Assumption A (i), 

£ P(Vf =1 : |^(^) - Ejvl < Mat) < C|S^\^+ 1 ||S J v|-^e Ar2 "" ,7i 
n N,i\ n NT (2.28) 

< Cexp (-/i(r ? i+1 )A^^ +1 ) + Af 2Q -^) , 

that, by (2.26), converges to zero, as N — > 00, for any i = 0, 1, . . . , n — 1. So the sum (2.21) 
over TZ 7 ^ l \ TZ 1 ^ l vanishes. 

Now we turn to the sum over collections, (a 1 , . . . ,a e ) IZ 7 ^ t . We distinguish the cases 
when det(i?Ar(c 1 , • • • , c £ )) = and det(i?Ar(<T 1 , . . . , a e )) / 0. For the contributions from the 
latter case, using Assumptions A (i) and (iii), we get readily that, 

£ P (Vf =1 - E N \ < 5 N h) < \^ N fe-^ NP ^Q\S N fN^ 

rank(B JV (CT 1 ,...,<r<))=< 

CN Pl exp (-{i^NP^ + £E%/2) . 



(ct 1 .....o-'Jg-R 
3JV 



< 
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The right-hand side of (2.29) tends to zero exponentially fast, if condition (2.16) is verified. 

Finally, we must deal with the contributions from the cases when the covariance matrix is 
degenerate, namely 

P(Vf=i : \Y N (a l ) - E N \ < biS N ), (2.30) 

( CT i,...,^)es® i 
rank(B JV (ir 1 ,...,(T^))= J - 

for r = 1, . . . ,£ — 1. In the case c = 0, this sum is taken over the set C r N e , since a and a' in 
S^r are different, iff |Y}v(c)| ^ |ljv(cr')|, by definition of £jv- In the case c / 0, this sum is 
taken over ^-tuples (a 1 , . . . , a ) of different elements of Sjv, i.e., such that Y^{a l ) / Y^o"- 7 ), 
for any 1 < i < j < I. But for all N large enough, all terms in this sum over ^-tuples, 
(cr 1 , . . . , a e ), such that Y^{a % ) = — Yjv( crJ )> for some 1 < i < j < £, equal zero, since the 
events {|Yat((j 1 ) — E N \ < Mat} and {| - Y N {a' 1 ) — E N \ < 6j<5jv}, with E N = cN a , c / 0, are 
disjoint. Therefore (2.30) is reduced to the sum over C r N ^ in the case c / as well. Then, 
by Assumptions A (ii) and (hi), it is bounded from above by 

\C r N/ \Q{5 N ) r N p ^ < \Z N \ r e- d ^ N Q(5 N ) r N p ^ < Ce - d ^ N e eE » /2 N p ^. (2.31) 

This bound converges to zero exponentially fast, since E% = c 2 N 2a , with a < 1/2. This 
concludes the proof of the first part of the theorem. 

The second assertion (2.19) is elementary: by (2.29) and (2.31), the sum of terms P(V 2 =1 : 
\Yn{& 1 ) — En\ < S]sfb) over all pairs, (a 1 , a 2 ) G S^- 2 \7Z^ 2 , such that a 1 / a 2 , converges to 
zero exponentially fast. Thus (2.19) follows from the Borel-Cantelli lemma. 

Finally, we remark that the results of Theorem 2.2 can be extended to the case when 
EY/v(<t) 7^ 0, if a = 0, i.e., En = c. Note that, e.g. the unrestricted number partitioning 
problem falls into this class. Let now Z^(cr) be the Gaussian process with the same mean 
and covariances as Yn(<j). Let us consider both the covariance matrix, Bjy, and the mean 
of Yn, E,Yn(ct), as random variables on the probability space (Sat, Bn, IE<x), where E CT is the 
uniform law on £jy Assume that, for any £> 1, 

B N (a\...,a e )^I d , A Too, (2.32) 

where Id denotes the identity matrix, and 



EY N (a) —> D, N j oo, 



(2.33) 
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where D is some random variable D. Let 

S N = ^K-^TIn]- 1 . (2.34) 

where 

K = Ee- (c " D)2/2 . (2.35) 

Theorem 2.3: Assume that, for some R > 0, \EY N (a)\ < N R , for all a G T, N . Assume 

that (2.10) holds for some r] > and that (ii) and (Hi) of Assumptions A are valid. Assume 
that there exists a set, Qn C 1Z n e , such that (2.17) is valid for any (a 1 , . . . , a e ) G Qn, and 
that \7Z N £ \ Qn\ < \^N\ e e~ N ' 1 , with some 7 > 0. Then, the point process 



Vn = E ^v^-e^t ( 2 - 36 ) 

<reSjv 

converges weakly to the standard Poisson point process V on R + . 



Proof. We must prove again the convergence of the sum (2.20), that we split into three sums: 
the first over Q n , the second over 1Z N t \ Qn , and the third over the complement of the set 
1Z N t By assumption, (2.17) is valid on Qn, and thus the terms of the first sum are reduced 
to 

-((Z-EY N (a))B N 1 {<T 1 ,...,CT i ){z-EY N (a)))/2 



I 



-dz 



(2iry/*y/det(B N (cr\...,<r')) ,„ 

Vi=l,...,e:\zi-c\<5 N bi \ ' 

with c = (c, . . . , c), and EYn(ct) = (EY^cr 1 ), . . . , EYjv(cr)), since <5at is exponentially small 
and |EYjv(c)| < N R . By definition of the quantities (2.37) are at most 0(|Xat| _£ ), while, 
by the estimate (2.10) and by the assumption on the cardinality of 1Z Nl \ Qn, the number 
of ^-tuples of configurations in \ 1Z N t and in 7Z N e \ Qn is exponentially smaller than 
|£jv|^. Hence 

P(Vf=i : \Yn(ct*) - E N \ < biS N ) 

( CT i,...,^)eQ JV 

(26 N /V2^Y(b 1 ■ • • be ) e Hc-EY N (a))B-Ha\...y){c-EY N (a))/2 {1 + + 

(<T 1 ,...,CT £ )£QjV 

^ (2<W^)^1 • • • bl ) e -(c-EY N (a))B-^aK...y)(c-EY N (,))/2 {1 + + Q ^ 

= bl -;;^ y ^(s-^^b-^,...,^-^^^ + o(1)) + o(1) 

(2.38) 
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The last quantity converges to b\ ■ ■ ■ be, by the assumptions (2.32), (2.33) and (2.35). 

The sum of the probabilities, P(V| =1 : \Yn(<t) — E^\ < <5jvA)j over all ^-tuples of 1Z V N e \ 
Qn, contains at most \T, N \ £ e~ N 7 terms, while, by Assumption A (hi), (and since, for any 
(a 1 , . . . , a e ) G 71^, the rank of Bj^(a 1 , . . . ,a e ) equals I) each term is at most of order 
|£jv| - ^, up to a polynomial factor. Thus this sum converges to zero. 

Finally, the sum of the same probabilities over the collections (a 1 , . . . ,a e ) £ £®' \ T^P N t 
converges to zero, exponentially fast, by the same arguments as those leading to (2.29) and 
(2.31), with r] X =T]. 

3. Examples 

We will now show that the assumptions of our theorem are verified in a wide class of 
physically relevant models: 1) the Gaussian p-spin SK models, 2) SK-models with non- 
Gaussian couplings, and 3) short-range spin-glasses. In the last two examples we consider 
only the case a = 0. 

3.1 p-spin Sherrington-Kirkpatrick models, < a < 1/2. 

In this subsection we illustrate our general theorem in the class of Sherrington-Kirkpatrick 
models. Consider S = {—1, 1}. 



HN ^ = ~f7k S ■Ai.-.tp^ta ■■■fftp (3-1) 

J (p) l<H<i 2 <---<i P <A r 

is the Hamiltonian of the p-spin Sherrington-Kirkpatrick model, where Ji lt ... t i p are indepen- 
dent standard Gaussian random variables. 

The following elementary proposition concerns the symmetries to the Hamiltonian. 

Proposition 3.1: Assume that, for any < i\ < • • • < i p < N, • • • o~i v = a' ix ■ ■ ■ . 
Then, if p is pair, either o~i = a[, for all i = 1, . . . , N , or Oi = — a[, for all i = 1, . . . , N , and, 
if p is odd, then o~i = a[, for all i = 1, . . . , N . Assume that, for any < i\ < ■ ■ ■ < i p < N , 
°i\ ' ' ' °i v = ~ a ii " ' a i p - This is impossible, if p is pair and o~i = — a\, for all i = 1, . . . ,N, 
if p is odd. 

This proposition allows us to construct the space S^: If p is odd and c / 0, Sjv = S N , 
thus | Sat | =2 N . If p is even, or c = 0, Sjv consists of equivalence classes where configurations 
a and —a are identified, thus IEjvI = 2 N ~ 1 . 
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Theorem 3.2: Let p > 1 6e odd. Let T, N = S N . If p = 1 and a G [0, l/4[, and, i/ 
p = 3, 5, . . . „ and a G [0, l/2[, /or any constant c£R \ {0} i/ie point process 



^ N - ^ ^{5- 1 |Af- 1 /2^ Ar ( <T )_ cA r Q | } (3.2) 

where 5jy = 2~ N e +c N ^ 2 \f\, converges weakly to the standard Poisson point process, V , 



on 



Let p be even. Let T,^ be the space of equivalence classes of S N where a and —a are 
identified. For any a G [0, l/2[ and any constant, c£t, the point process 

'Pn = ^2 ^{(2S N )- 1 \N- 1 / 2 H N (a)-cN"\} ( 3 - 3 ) 



<res 



N 



converges weakly to the standard Poisson point process, V, on R + . TTte result (3.3) holds 
true as well in the case of c = 0, for p odd. 

Proof of Theorem 3.2. We have to verify the assumptions of Theorem 2.2 for the process 
N~ 1 / 2 Hj^{a) = Yjv(cr). The elements of the covariance matrix (2.8) are: 

b jJ (a 1 ,...,a e ) = l, V$ =1 ; (3.4) 
b hm (a\ ...y)=( N \ Y, < ■ ■ ■ « ■ ■ ■ <>%> ^<J<m<e- (3.5) 

^ P// l<ii<i 2 <-<i p <N 

It has been observed in [BKL] that its non-diagonal elements can be written as 

[p/2] /?k\ N \P-2fc 

b hm (c-\...y)=Y J (-N)- k { I (1 + 0(1/N)). (3.6) 

k=0 ^ P ' g=l 

Now let us verify the Assumption A (i). Let 

N 

Q% Aq = {(a\...,a l )e^f: V^ki JiV" 1 £ < qN~<}. (3.7) 

9=1 

The ^-tuples of this set satisfy the following property: for any 62, ■ ■ ■ , Se G { — 1, , the sets 
of sites Aj 2 ,...A = {i '• a i = ^20"i , cf = <^3^j • • • j of = b~e°~l} has the cardinality N2~^~ 1S > + 
0(AT 1 -^). Then it is an easy combinatorial computation to check that there exists h > 0, 
such that, for any q G R+, and any ( G]0, l/2[, 

|Qi,J>|S JV |'(l-exp(-^ 1 -^)), (3.8) 
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for all N large enough. By the representation (3.6), we have DaUo Q~Ne ~ v ^ ( - p ~ 2k ' > C TZ^ e , 

withg = (pmax fc=0) ... i[p/2 ] ( 2 p fc ) (fc-1)!!) -1 . But, for any 77 e]0,p/2[, and any k = 0, 1, . . . , [p/2], 
Q _(,_, )/(p _ 2fe) c Q _(,+ 1 _ 77)/(p _ 2(fe+1)) _ Therefore; 

q v Jl c n,,- (3.9) 

Thus, due to (3.8), Assumption A (i) is verified with p(rf) = 1 — 2r)/p, for 77 e]0,p/2[. 

Let us now check the Assumption A (ii). To estimate the cardinality of C r N e , we need to 
introduce an £ by (^[) matrix, C p (a 1 , . . . ,o~ e ), as follows. For any given a 1 ,. . . ,o~ £ , the jth 
column is composed of all (^) products, cr^c^ • • • of , over all subsets 1 < i\ < 12 < • • • < 
i p < N. Then we have 

CJV, . . . , a e )C p (a\. ..,a e )= ^(a 1 , . . . , a e ). (3.10) 

Let a 1 , . . . ,a e be such that rank(i? n (a 1 , . . . , cr )) = r < ^. Then, r columns of the matrix 
C p (a 1 , . . . , a e ) form a basis of its £ columns. Assume that these are, e.g., the first r columns. 
The matrix C p (a 1 , . . . , a r ) can contain at most 2 r different rows. We will show that, for any 
(a 1 , . . . , g 1 ) G C r N e , it can in fact not contain all 2 r rows, due to the following proposition. 

Proposition 3.3: Assume that an 2 r x r matrix, A, with elements, 1 or — 1, consists of 
all 2 r different rows. Assume that a column of length 2 r with elements 1 or —1 is a linear 
combination of the columns of A. Then this column is a multiple (with coefficient +1 or — 1) 
of one of the columns of the matrix A. 

Proof. The proof can be carried out by induction over r. A generalisation of this fact is 
proven in [BK-npp]. 

Now, if the matrix C p (a 1 , . . . , a r ) contained all 2 r rows, then, by Proposition 3.3, for any 
j = r + 1, . . . , £, there would exist m = 1, . . . , r, such that, either, for any < i\ < ■ ■ ■ < i p < 
N ' < •••<=<••• <> or > for any < ii < • • • < i p < N, < • • • aj p = -a™ ■ ■ ■ a%, which 
would imply |Y/v(c J )| = |yjv(f m )|- But this is excluded by the definition of C r N e . 

Thus, for any (a 1 ,..., a e ) € C r N e , the matrix C^a 1 , . . . , a r ) contains at most 2 r — 1 differ- 
ent rows. There are 0((2 r — 1) N ) possibilities to construct such a matrix. Furthermore, there 
is only an A^-independent number of possibilities to complete it by adding linear combina- 
tions of its columns to C p (a 1 , . . . , a e ). To see this, consider the restriction of C p (a 1 , . . . ,a r ) 
to any r linearly independent rows. There are not more than 2 r ^~ r ^ ways to complete it by 
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(I — r) columns of ±1 of length r, that are linear combinations of its r columns. But each 
such choice determines uniquely linear coefficients in these linear combinations and hence the 
completion of the whole C^ct 1 , . . . , <r r ) up to C^a 1 , ...,a £ ). Thus \C r N/ \ = 0((2 r - 1)^). 

It remains to verify the Assumption A (iii). This is easy: if rank(i?Ar (a 1 , . . . ,a e )) = r, 
then r of the random variables Yjv^er 1 ), . . . , Yjv((/) are linearly independent. Assume that 
these are, e.g., Yn (V 1 ),..., Yjv(cr lr ). Then the covariance matrix Y3/v(<j n , . . . , a lr ) is non- 
degenerate, and the corresponding probability is bounded from above by 

nV^IWO - E N \ < S Nbij ) < /( Xf i n l )''i K) i \ ' ^ 

^From the representation of the matrix elements of , B^(a 11 , . . . , cr v )), (3.5), one sees that 
the determinant, (det Bn(<j 11 , . . . , cr v )), is a finite polynomial in the variables iV _1 , and thus 
its inverse can grow at most polynomially. 

Thus, we have established that Assumption A is verified. We now turn to conditions (2.14), 
(2.15), and (2.16) on a. Since p(rj) = 1 — for r\ e]0,p/2[, we should find 771 , 772 €]0,p/2[ 

such that a < r/2/2, a < rj/2 + 1/2 — rj/p for rj €.]r)i,r)2[, and a < 1/2 — rji/p. We see that, 
for any p > 2 and a g]0, l/2[, it is possible to fix r/i > small enough, and 772 G]0,p/2[ close 
enough to 1, such that these assumptions are satisfied. If p = 1, then such a choice is possible 
only for a g]0, l/4[. The assumption (2.17) need not be verified here as Iat(cj) is a Gaussian 
process. 

Remark: Values p = l,a = 1/4. The value a = 1/4 is likely to be the true critical value 
in the case p = 1. In this case, one can check that the principle part of our sum gives a 
contribution of the form 



Vl^ /li V "n,2. ■•■."■»*._!,*. l<i<j<N l<i<j<k 

(3.12) 

which in turn is easily seem to be of order (e c / 2 ) fc ( fc_1 )/ 2 ) that it it does not behave like a 
constant to the power k. Note that the term proportional to in the exponents arises 
from the off-diagonal part of the covariance matrix B jy • 

If a > 1/4, the contribution from the (3.12) is already of order (e Nia lc2 / 2 )fc(fc-i)/2^ w hi c h 
cannot be compensated by any normalisation of the form <5^. Thus at least the conditions 
of Theorem 2.1 cannot hold in this case. 
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3.2. Generalized p-spin SK models at level a = 0. 
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In this subsection we generalize Theorem 3.2 to the case of non-Gaussian process in the 

P ' 



case of non-zero mean and a = 0. Let p > 1, Ui lt i 2t ... t i p be any (^) i.i.d. random variables 



with EU = a and Var U = 1. Let 



HN ^ = ~frk 2 i7 ti,...,i P <7ti<7t a ---<v ( 3 - 13 ) 

A/ (p) l<ii<i2<---<i P <A r 

Let = Ee ls ( c/_a ) be the generating function of (U — a). 

Assumption B. We will assume in this section that E\U\ 3 < oo and \4>(s)\ = 0(|s| _1 ), as 
\s\ — > oo. 

Remark: The decay assumption on the Fourier transform is not optimal, but some condition 
of this type is needed, as the result cannot be expected for discrete distributions, where the 
number of possible values the Hamiltonian takes on would be finite. 

We consider Y/v(<j) = N~ 1 / 2 Hn{o~). The state space Sat is defined as in the previous 
example. The covariance matrix, given by (3.6), converges in law to the identity matrix 
by the law of large numbers. Furthermore, analogously to (3.6), we see that EYn(<j) = 
Q P {N~ 1 ' 2 ££i*i), where 

b/2] /9i x 

Q P (*) = ^(-l) fe )(k-l)^- 2k . (3.14) 

By the central limit theorem, EYjv(cr) — ► Q P (J) where J is a standard Gaussian random 
variable. Hence, (2.32) and (2.33) are verified and we may define the constant 

K p = Eexp ( - (c- a<2 p (J)) 2 /2) (3.15) 

Then, £jv = if" 1 ^! - ^ v^,^), with |Sjv| = 2^ for p odd and |Sjv| = 2 N ~ 1 for p even. 
Theorem 3.4: 

(i) Let p be odd. Let = 5^. For any c / 0, i/ie pomf process 

Vn = Yl S{2 N K p (2/V2^)\Y N (a) - c\} (3.16) 

converges weakly to the standard Poisson point process on R + . 
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(ii) Let p be odd and c = 0, or let p be even and c / 0. Denote by Sjv the space of the 2 N ~ l 
equivalence classes in S N where a and —a are identified. Then the point process 

V N = 5{2 N ~ l K p {2/V2^)\Y N (a) - c\], (3.17) 
converges weakly to the standard Poisson point process on R + . 

Proof of Theorem 3.4- We should check the assumptions of Theorem 2.3. The Assumptions A 
(i), for any r\ e]0,p/2[, and (ii) have been already verified in the proof of Theorem 3.2. We 
must check (iii) and also the assertion (2.17) on an appropriate subset Qn- 

We will use the construction of the matrix C p (a 1 , . . . , a e ) explained in the proof of Theo- 
rem 3.2, see (3.10). Let us introduce the Fourier transform 

r 1 '---'^(t 1 ,...,^) = Eexp(i[t 1 (y J v(a 1 )-Ey J v(a 1 )) + --- + t fc (y 7 v(a fc )-Ey 7 v(c70)]). (3.18) 
A simple computation shows that 

( N ) 1/2 

r 1 --^ (*!,.. .,*,)= f[M N ) {C p (a\...,a e )i] m ), (3.19) 
m=l \P y 

where {C p (a 1 , . . . , a e )t\ m is the mth coordinate of the product of the matrix C p (a 1 , . . . , a e ) 
with the vector t = (ti, . . . , te). 

Assumption A (iii) is valid due to the following proposition. 

Proposition 3.5: There exists a constant, Q = Q(r, £, bi, . . . , be) > 0, such that, for any 
(a 1 ,..., a 1 ) € any r < t, if 'rank B N (a 1 , . . . a 1 ) =r, 

P (Vf =1 : -c\< 5 N b?j < [5 N ] r QN^I 2+1 . (3.20) 



Proof. Recall that it follows from the hypothesis that the rank of the matrix C p {a 1 ,..., a 1 ) 
equals r. Let us remove from this matrix t — r columns such that the remaining r columns are 
linearly independent. They correspond to a certain subset of r configurations. Without loss of 
generality, we may assume that they are a 1 , . . . ,a r , i.e., we obtain the matrix C^a 1 , . . . ,a r ). 
Obviously, 

P (Vf =1 : \Y N (a l ) -c\< 5 N b^ < P (v£ =1 : \Y N (o*) - c\ < 5 N b^ (3.21) 
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Then 

p (yU ■ \Yn(<j 1 ) -c\< s N bi) 

1 r i e itjbjS N _ e -itjbj8 N (3.22) 

-(2^ D l m oo J 1-^ ' ^ ^111 

[-D,DY 

As 5n = 0(2~ N ), the integrand in (3.22) is bounded by 

itjbj5 N _ —itjbj5 N 

< min (Q 2" Ar ,2|t j |- 1 ) , (3.23) 



2itj 



with a constant, Qq = Qo(bj). Next, let us choose in the matrix C p (a 1 , . . . , a r ) any r linearly 
independent rows and construct from them anrxr matrix, C rxr . Then, by (3.19) and by 
Assumption B on (p(s) 

\fN'-' ar ^\<flM N ) ^{C^t),) ^nmin^Qo^K^x^r 1 ), (3.24) 



with Qq > 0. Hence, the absolute value of the integral (3.22) is bounded by the sum of two 
terms, 



/ i 
\{ min (l, Q NP/ 2 \{C rXr t\ ; | _1 )dt,- 

\\t\\<2 Nr j = 1 
r r 

n^f- 1 ) n ™ n {-i,Q«N'i 2 \{c*"i\,\- r )dt,. 



,. r ;' ll<2 ' 
+ | ~ ,.._„... 

Recall that the matrix C rxr has matrix elements ±1 and rank r. Since the total number 

2 

of such matrices is at most 2 r , the smallest absolute value of the determinant of all such 
matrices is some positive number that does not depend on N, but only on r. Therefore, 
the change of variables, fj = C rxr t, in the first term shows that the integral over < 2 rN 
is of order at most N pr / 2 In 2 rN ~ N pr / 2+1 . Thus the first term of (3.25) is bounded by 
Q 1 2~ Nr NP r / 2+1 , with some constant Q\ < oo. Using the change of variables fj = 2 rN t 
in the second term of (3.25), one can see that the integral over \\t\\ > 2 Nr is bounded by 
Q 2 2~ Nr N pr / 2 , with some constant Q2 < 00. This concludes the proof. (} 

Finally, let us fix any rj G]0, l/2[ and introduce Qn = q ( defined in (3.7)) with 

q = (pmax fe=0i ... ib/2] (^(fc-l)!!)" 1 . By (3.9) and (3.8), it is a subset of TZ v N e , and \X% e \Q N \ 
is smaller than 2 N£ e~ hNl " , with some h > 0. We need to verify (2.17) for Qn. We 
abbreviate 

W N = v~ l {{c - EY^a 1 )), . . . , (c - EY N (o*))) . (3.26) 
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For any a 1 , . . . ,a e G Qn, we split 

4 

F(rf =1 \Y N (a i )-c\<b i 6 N ) = ^/£(<t\..V), (3.27) 

m=l 

where 

JJ f _! e it.W Ne -tB N (a\...y)t/2 £ 



j=1 

/ /-_ pitjbjSN _ p — itjbj5N _ - _ , „ _ 

TJ £ _ e it.W Ne -tB N (v\...,*t)t/2 d ^ 

||tl|>eJVP/6 J 



(3.28) 



/JL pitjbjS N _ -itjbjS N _ _ . _ 

jTJf _J: e «.^ (/ ^,..V (t -)_ e -« w «rS...y)t/ 2)cft -; 

lltlKeATf/ 6 i = 1 

(3.29) 

/ _^_ pitjbjSN _ p — itjbj&N _ - , » 

n ! — ^ — eit -^^ (« ( 3 - 3 °) 

eArp/6<||tl|<<5v / JVF J=1 

and 

/ } _ pitjbj5 N _ -itjbj&N _ _ i , 

n - — ^ — e«-^/^ m 

'7 = 1 3 

(3.31) 



[-D,DYn\\t\\>5yfWP 3 1 



with some e, <5 > to be chosen later. 

The first part of I N (o x , . . . , a 1 ) is exactly the quantity P(Vf =1 : \Zn{o~ 1 ) — c\ < Wat). Note 
that _ _ 

. J_ e itjbj6 N _ e -tjbjS N 

I n - — air — I - Q2 ' (3 - 32) 

J=l J 

with some Q < oo. Then the second part of I N is exponentially smaller than 2~ eN , for all 
(cr 1 ,...,^) G Q N . We must show that I%,I%,I% are 0(2"^), for all (a 1 , . . . , a 1 ) £ Q N . 
This is easy due to the following proposition. 

Proposition 3.6: There exist constants, C < oo, e,9,5 > 0, such that, for all (a 1 , . . . , a e ) G 
Qn, the following estimates hold: 

(i) For all < eN p / 6 , 

\f N 1, '" ,a \t) - e-^^'-V^I < C \\t\\ 3 c -tB N (a 1 ,...y)t/2_ (3.33) 
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(%%) For all \\t\\ < Sy/NP, 

|/^'- V (t)|<e-^ 2 . (3.34) 



Proof. The proof is elementary and completely analogous to the corresponding estimate in 
the proof of the Berry-Essen inequality. All details are completely analogous to those in the 
proof of Lemma 3.5 in [BK2] and therefore are omitted. (} 

Using (3.33) and (3.32), we see that I%{a\ . . . , a 1 ) = 0{N-P/ 2 )2~ Nt . The third term, 
I%(a l , . . . , a 1 ), is exponentially smaller than 2~ Ne by (3.34). 

Finally, by (3.32) we may estimate I%{o~ l , . . . a e ) roughly as 

\I%(a\...a e )\<Q2- m J |/£ (?)\dt, (3.35) 

\\t\\>6Vm 

with some constant Q < oo. By the construction of the set Qjy (3.7), for any (a 1 , . . . ,a e ) G 
Qn, the matrix Ci(<r 1 , . . . , o~ e ), (i.e., the matrix with N rows, the A;th row being cr^, of., . . . , aj,), 
contains at least 2 e ~ 1 possible different rows, each row being present at least 2~ e N(l + o(l)) 
times. Consequently, each of these rows is present in the matrix C p (a 1 , . . . , a e ) at least 
2~ l N p {l + o{\)) times, for any p > 2. Then, by (3.19), ftf'"" * (t) is the product of at least 
2 e_1 different characteristic functions, each is taken to the power at least 2 - ^iV p (l + o(l)). 
Let us fix from a set of different rows of C p (a 1 , . . . , a ) £ linearly independent ones, and 
denote by C the square matrix composed of them. Then there exists Q{8) > 0, such that 
^JtC T Ct/v 2 > C, for all t, with > 5. Changing variables s = { N p )~ 1/2 Ct \n (3.35), one 
gets the bound 

\I%{a\...y)\<Q2-^N^ [ f[ \^s m )\ 2 ^ 1)NV{l+o{l)) ds m . (3.36) 

NI>C m=1 

Assumption B made on <p{s) implies that 4>(s) is aperiodic, and thus \4>(s)\ < 1, for any s / 0. 
Moreover, for any ( > 0, there exists h(() > 0, such that \(j>(s)\ < 1 — h((), for all s with 
\s\ > (/£. Therefore, the right-hand side of (3.36) does not exceed 

Q2 -m NP e/2 {1 _ h{or ^Nm + o W) -2 f Yl\ Hsm) f dSm , (3.37) 

ii ^ii. m=l 
\\s\\>V 

where the integral is finite again due to Assumption B. Therefore, ^(a 1 , . . . ,a e ) is expo- 
nentially smaller than 2~ N£ . This concludes the proof of (2.17) on Qn and of the theorem. 
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3.3. Short range spin glasses. 

As a final example, we consider short-range spin glass models. To avoid unnecessary 
complications, we will look at models on the d-dimensional torus, A^, of length N. We 
consider Hamiltonians of the form 

H N (a) = -N- d ' 2 Yl t aJacta (3.38) 

AcAjv 

where e a a = FLeA "^' r A are given constants, and J a are random variables. We will 
introduce some notation: 

(a) Let An denote the set of all A C An, such that ta ^ 0. 

(b) For any two subsets, A,B C An, we say that A ~ B, iff there exists x £ A^v such that 
S = A + x. We denote by A the set of equivalence classes of An under this relation. 

We will assume that the constants, ta, and the random variables, J a, satisfy the following 
conditions: 

(i) r A = r A + x , for any x £ An', 

(ii) there exists k £ N, such that any equivalence class in A has a representative i C At; we 
will identify the set A with a uniquely chosen set of representatives contained in A& . 

R T,A^ N -.r 2 A = N d . 

(iv) Ja, A £ Z d , are a family of independent random variables, such that 

(v) J a and Ja+x are identically distributed for any x £ Z d ; 

(vi) EJ A = and EJ A = 1, and EJ A < oo; 

(vii) For any A £ A, the Fourier transform 4>a(s) = Eexp (isJ^), of J a satisfies |</>a(s)| = 
0(|s| _1 ) as |s| — ► oo. 

Observe that EH N (a) = 0, 

b(a,a') = N- d EH N (cT)H N (a') = N~ d ^ r A a A a' A < 1 (3.39) 

A(ZA N 

where equality holds, if a = a'. 

Note that Y N (a) = Y N (a') (resp. Y N (a) = -Y N (a') ), if and only if, for all A £ An, 
a a = <t'a ( r esp. <ta = —o'a)- E.g., in the standard Edwards-Anderson model, with nearest 
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neighbor pair interaction, if o x differs from a' x on every second site, x, then Yn(o~) = —Yn(c'), 
and if a' = —a, Yat(c) = Ijv(cr'). In general, we will consider two configurations, a, a' G S An , 
as equivalent, iff for all A G An, &a = o~'a- We denote the set of these equivalence classes 
by £jv. We will assume in the sequel that there is a finite constant, T > 1, such that 
I Sat | > 2^ r _1 . In the special case of c = 0, the equivalence relation will be extended to 
include the case a a = — cr' A , for all A G An- I n most reasonable examples (e.g. whenever 
nearest neighbor pair interactions are included in the set A), the constant T < 2 (resp. T < 4, 
if c = 0)). 

Theorem 3.7: Let c£R, and T,n be the space of equivalence classes defined before. Let 
5n = |SAr| _1 e c ^ 2 \f\- Then the point process 

v »= E Wi*"M-d}' ( 3 - 4 °) 



N 



converges weakly to the standard Poisson point process on M+. 

//, moreover, the random variables J a are Gaussian, then, for any c£R, and < a < 1/4, 
with Sn = |S7v| _1 e 7V c ^ \f\, the point process 

Vn = Yj 5 {S N 1 \H N (a)-cN»\}^ ( 3 - 41 ) 

converges weakly to the standard Poisson point process on R + . 

Proof. We will now show that the assumptions A of Theorem 2.3 hold. First, the point (i) 
of Assumption A is verified due to the following proposition. 

Proposition 3.8:Let lZ Ne be defined as in (2.9). Then, in the setting above, for all 
0<r/< \, 

\K NA \>\X N f(l-e- hNda -^), (3.42) 

with some constant h > 0. 

Proof. Let E CT denote the expectation under the uniform probability measure on {—1, 1} A,V . 
We will show that there exists a constant, K > 0, such that, for any a', and any < 5n < 1 

F a (a : b(a, a') > S N ) < exp(-K5 2 N N d ). (3.43) 

Note that without loss, we can take a' = 1. We want to use the exponential Chebyshev 
inequality and thus need to estimate the Laplace transform 

E CT exp (tN~ d Y, r >A) ■ (3.44) 
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Let us assume for simplicity that N = nk is a multiple of k, and introduce the sub-lattice, 
AAT, fc = {0, k, . . . , (n - l)fc, ra/c} d . Write 

X] r A a A = Y Y Y r 2 A+y+x a A+y + x = Y Zx ^ ( 3 - 45 ) 

AeAjv A€A y€A N<k x€A k xeA k 

where 

Z x (a)= Y Y vM ( 3 - 46 ) 
has the nice feature that, for fixed x, the summands 

Yx,y(p) = Yj r A+y+x° 'A+y+x 
A€A 

are independent for different y, y' G A nj fc (since the sets A + y + x and A' + y' + x are disjoint 
for any A, A' G A&). Using the Holder inequality repeatedly, 



E, 



exp it Y Z x 

(-)) < n 



tk d Z x {a) 



xeA k 



x€A k 



= n n [^e^^-^) 



(3.47) 



It remains to estimate the Laplace transform of Yo,o(c)) 



E CT exp (tk d Y 0>0 {a)) = E CT I ^ d Y r A°A J , 

V AeA k J 



(3.48) 



and, since E^o/i = 0, using that e x < 1 + x + ^-e^, 



E CT exp ^ g ria A J < E CT exp (^fc 2d ^ g r 2 j e** - ^ E ct exp (|c e to 



(3.49) 



so that 



E CT cxp ^tN~ d Y Z x{^ < exp (N- d ^C'e N " tD ^j , (3.50) 

with constants, C, C ,D, that do not depend on N. To conclude the proof of the lemma, the 
exponential Chebyshev inequality gives, 

P CT [b(a, a') > S N ] < exp (-6 N t + N~ d ^C' e tN ~ dD ^j . (3.51) 



Mertens 
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Choosing t = eN d SN, this gives 

P a [b(a,a') > S N ] < exp (-e5 2 N N d (l - eC'e e&ND /2)) (3.52) 

Choosing e small enough, but independent of N, we obtain the assertion of the lemma. <0 

To verify Assumptions A (ii) and (iii), we need to introduce the matrix C = C(a 1 , . . . , a e ) 
with I columns and \An\ rows, indexed by the subsets A G An- the elements of each of its 
column are rA&\, ta^\, • • • , ta^a-i so ^ na ^ C T C is the covariance matrix, B^{a 1 , . . . , a 1 ), up 
to a multiplicative factor N d . 

The assumption (ii) is verified due to Proposition 3.3. In fact, let us reduce C to the matrix 
C = C^a 1 , . . . , a e ) with columns a A ,a\,...,a A , without the constants ta- Then, exactly as 
in the case of p-spin SK models, by Proposition 3.3, for any (a 1 , . . . , a 1 ) G £ e Nd r the matrix 
C(a l , . . . , a 1 ) can contain at most 2 r — 1 different columns. Hence, \C e Nd \ = 0((2 r — l) Nd ) 

while \z N \ r > (2 Nd /ry. 

The assumption (iii) is verified as well, and its proof is completely analogous to that of 
Proposition 3.5. The key observation is that, again, the number of possible non-degenerate 
matrices C rxr that can be obtained from C p (a 1 , . . . ,a e ) is independent of N. But this is 
true since, by assumption, the number different constants r A is iV-independent. 

Finally, we define Qn as follows. For any A G A, let 

= {{e\...y):V 1 < z<j <i r\ £ a\a\ < l^" 1 ^}. (3.53) 

xeZ d :x+AcA N 

Let us define Qn = PUe.4 Q-N^e c ^Nt ^ Proposition 3.8, applied to a model where 
|^| = 1, for any A e A, we have \S^ e \ Q N A e \ < 2 N<1 e^{-h A N d ^- 2 ^), with some h A > 0. 
Hence, \R Nl \ Qn\ has cardinality smaller than |Sat|^ exp(— hN^ 1-2 ^), with some h > 0. 
The verification of (2.17) on Qn is analogous to the one in Theorem 3.4, using the analogue 
of Proposition 3.6. We only note a small difference in the analysis of the term I N where we 
use the explicit construction of Qn- We represent the corresponding generating function as 
the product of |^4| terms over different equivalence classes of A, with representatives A C A*,, 

each term being U xeZ d. x+Ae A N 4>{ N ~ d/2r A{ti(J x+ A H ^ t £ a x+A )). Next, we use the fact 

that for any (a 1 ,. . . , a e ) G Qn each of these |^4| terms is a product of at least 2^ — 1 (and 
of coarse at most 2 e ) different terms, each is taken to the power \A\~ 1 N d 2~ e (l + o(l)). This 
proves the first assertion of the theorem. 
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The proof of the second assertion, i.e., the case a > with Gaussian variables J a is 
immediate from the estimates above and the abstract Theorem 2.2, in view of the fact that 
the condition (2.17) is trivially verified. 
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